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CONVERGENCE OF THE WEAK KÄHLER-RICCI FLOW ON
MANIFOLDS OF GENERAL TYPE
TAT DAT TÔ
Abstract. We study the Kähler-Ricci flow on compact Kähler manifolds whose
canonical bundle is big. We show that the normalized Kähler-Ricci flow has long
time existence in the viscosity sense, is continuous in a Zariski open set, and
converges to the unique singular Kähler-Einstein metric in the canonical class.
The key ingredient is a viscosity theory for degenerate complex Monge-Ampère
flows in big classes that we develop, extending and refining the approach of
Eyssidieux-Guedj-Zeriahi.
Introduction
Let (X,ω) be a compact Kähler manifold of general type, i.e the canonical
bundle KX is big. We study the normalized Kähler-Ricci flow on X:
∂ωt
∂t
= −Ric(ωt)− ωt, ω|t=0 = ω0. (0.1)
Let T be the maximal existence time of the smooth flow. It is known that T =∞ if
and only if the canonical bundleKX is nef, and in this case the normalized Kähler-
Ricci flow converges to a singular Kähler-Einstein metric on KX (cf. [Tsu88,
TZ06]). When KX is not nef, the flow has a finite time singularity (T <∞). The
limit class of the flow is
{αT} = lim
t→T
{ω(t)} = e−T{ω0}+ (1− e
−T )c1(KX).
The class αT is big and nef. For t > T , αt := {ω(t)} is still big but no longer nef,
thus we can not continue the flow in the classical sense.
It was asked by Feldman-Ilmanen-Knopf [FIK03, Question 8, Section 10] whether
one can define and construct weak solutions of Kähler-Ricci flow after the maxi-
mal existence time for smooth solutions without changing the initial manifold. In
[BT12], Boucksom and Tsuji have tried to run the weak normalized Kähler-Ricci
on projective varieties beyond the maximal time using the discretization of the
Kähler-Ricci flow and algebraic tools. The same result for the case of compact
Kähler manifolds is still open:
Conjecture.[BT12, Conjecture 1, page 208] Let X be a compact Kähler manifold
with pseudoeffective canonical bundle and ω0 be a Kähler form on X. Then there
exists a family of closed semipositve current ω(t) on X such that
(1) {ω(t)} = e−t{ω0}+ (1− e
−t)c1(KX) and ω(0) = ω0,
(2) for any T > 0, there exists a nonempty Zariski open subset U(T ) such that
ω(t) is Kähler form on U(T ), ∀t ∈ [0, T ),
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(3) on U(T )× [0, T ), ω(t) satisfies the normalized Kähler-Ricci flow (0.1).
In this note we give an answer to the question of a Feldman-Ilmanen-Knopf
and confirm partially the conjecture of Boucksom-Tsuji. We moreover show that
the weak normalized Kähler-Ricci flow converges to the unique singular Kähler-
Einstein metric in KX constructed in [BEGZ10, EGZ09]. Precisely, we have the
following theorem:
Theorem A. Let (X,ω0) be a compact Kähler manifold with KX is big. Fix θ a
smooth (1, 1)-form in c1(KX). Then the Kähler-Ricci flow starting from ωˆ ∈ {ω0}
∂ωt
∂t
= −Ric(ωt)− ωt
admits a unique viscosity solution ωt = e
−tω0 + (1− e
t)θ + ddcϕt for all time.
Moreover the flow converges, exponentially fast in Amp(KX), to the unique
singular Kähler-Einstein metric in the canonical class KX . And
• for 0 < t < Tmax, the function x 7→ ϕt(x) identifies with the smooth
solution in [TZ06],
• for t ≥ Tmax the flow (ϕt) is continuous in [Tmax,+∞)× Amp(KX).
Since the Kähler-Ricci flow can rewritten as a parabolic complex Monge-Ampère
equation, a key ingredient of our approach is to construct weak solutions for
degenerate complex Monge-Ampère flows
(θt + dd
cϕt)
n = eϕ˙t+F (t,x,ϕt)µ on XT := [0, T )×X, (0.2)
where
• (θt)t∈[0,T ] be a continuous family of smooth closed (1, 1)-forms such that
αt = {θt} is big,
• F (t, x, r) is a continuous in [0, T )×X and non decreasing in r,
• µ(x) = f(x)dV ≥ 0 is a continuous volume form on X.
Degenerate complex elliptic Monge-Ampère equations on compact Kähler man-
ifold have recently been studied intensively using tools from pluripotential the-
ory following the pioneering work of Bedford and Taylor in the local case ( cf.
[BT76, BT82, Koł98, GZ05, GZ07, BEGZ10]). A pluripotential theory for the
parabolic side only developed recently [GLZ18a, GLZ18b].
A complementary viscosity approach for complex Monge-Ampère equations has
been developed in [EGZ11, EGZ15a, HL09, Wan12]. The similar theory for the
parabolic case has been developed in [EGZ15b] on complex domains (see also
[DLT19] for its extension) and in [EGZ16, EGZ18] on compact Kähler manifolds.
It is very interesting to compare the viscosity and plutipotential notions (we refer
the reader to [GLZ] for more details).
For complex Monge-Ampère flows, both theories have been developed when the
involved class (αt) is big and semipositive. For further applications, we need to
extend these theories in the general case where (αt) is not necessarily semipositive.
In the first part of the note, we therefore establish a viscosity theory for de-
generate complex Monge-Ampère flows where the involved classes (αt) are big,
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not necessarily semipositive, extending the results in [EGZ16, EGZ18]. We re-
fer the reader to Section 2.1 for the adapted definition of viscosity subsolution
(resp. supersolution). The first result is a general viscosity comparison principle
as follows.
Theorem B. Assume that θt ≥ θ for a smooth (1, 1)-form θ in some fixed big
class α. Let ϕ (resp. ψ) be a viscosity subsolution (resp. supersolution) to (0.2).
Then for any (t, x) ∈ [0, T )× Amp(α)
(ϕ− ψ)(t, x) ≤ max{ sup
{0}×X
(ϕ− ψ)∗, 0}.
This comparison principle not only generalizes previous results to the case of
big cohomology classes but also refines the Kähler case, since our assumption is
weaker than these previous works (the authors needed some conditions on either
∂tϕ or θt, cf. [EGZ16, Theorem 2.1], [EGZ18, Theorem 4.2]). In the present work,
we exploit the concavity of log det to overcome the difficulties in [EGZ16, EGZ18].
Moreover, Theorem B can be extended to adapt the involved classes of the Kähler-
Ricci flow (we refer the reader to Corollary 2.10).
As a first application of the comparison principle, we study the Cauchy problem
on a compact Kähler manifold (X,ω)
(CP1)

(θ + dd
cϕt)
n = eϕ˙t+ϕtµ
ϕ(0, x) = ϕ0,
where
• θ is a smooth (1, 1)-form in a fixed big class,
• ϕ0 is an θ-psh function with minimal singularities which is continuous in
Amp({θ})
• µ = fdV > 0 is a continuous volume form on X.
There exists a unique solution to the statistic (elliptic) equation
(θ + ddcϕ)n = eϕµ (0.3)
by [BEGZ10].
We first prove the existence of viscosity subsolutions and supersolutions to
(CP1) and construct barriers at each point {0} × Amp({θ}). We then use the
Perron method to show the existence of a unique viscosity solution:
Theorem C. The exists a unique viscosity solution to (CP1) in [0,∞)×Amp({θ}).
Moreover, the flow asymptotically recovers the solution of the elliptic Monge-
Ampère equation (0.3).
In the second part, we apply our techniques and study the normalized Kähler-
Ricci flow on compact Kähler manifolds whose the canonical bundle is big, i.e
manifolds of general type. We first use the viscosity theory above to construct the
weak flow for all time. We then prove the convergence result of the flow, finishing
the proof of Theorem A. In particular, Theorem C is used to construct a viscosity
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supersolution which gives a uniform upper bound to the potential of the flow in
Amp(KX).
The paper is organized as follows. In Section 1 we recall some notations of the
viscosity theory on compact Kähler manifolds. In Section 2 we define the viscosity
sub/super solutions for Complex Monge-Ampère flows on big classes, and prove
Theorem B. As a first application of Theorem B, we prove Therem C in Section
3. Finally we prove the existence and convergence of the normalized Kähler-Ricci
flow on compact Kähler manifolds of general type in Section 4.
Acknowledgement. The author is grateful to Vincent Guedj for support, sug-
gestions and encouragement. We also would like to thank Sébastien Boucksom,
Hoang Son Do, Henri Guenancia and Ahmed Zeriahi for very useful discussions.
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1. Preliminary
1.1. Monge-Ampère operator in big cohomology classes.
1.1.1. Big cohomology classes. Let (X,ω) be a compact Kähler manifold and let
α ∈ H1,1(X,R) be a real (1, 1)-cohomology class.
Definition 1.1. The class α is pseudo-effective if it can be represented by a closed
prositive (1, 1)-current T . Moreovder α is called big if the (1, 1)-current T can be
chosen to be strictly positive, i.e T dominates some smooth positive form on X.
Definition 1.2. The class α is nef if it lies in the closure of the Kähler cone, i.e
the convex cone containing all Kähler classes.
Let T, T ′ be two positive closed current in α with the local potentials ϕ, ϕ′
respectively. We say that T is less singular than T ′ if ϕ′ ≤ ϕ+O(1). In addition,
T is said to have minimal singularities if it is less singular than any other positive
current in α.
One important example for such a current is the following. We first pick θ ∈ α
a smooth representative, then the upper envelope
Vθ := sup{ϕ;ϕ ∈ PSH(X, θ) and sup
X
ϕ ≤ 0}
yields a current θ + ddcVθ with minimal singularities.
Definition 1.3. A positive closed current T has analytic singularities if it can be
locally written T = ddcu, with
u =
c
2
log
∑
|fj|
2 + v,
where c > 0, v is smooth and the f ′js are holomorphic functions.
Definition 1.4. If α is a big class, we denote Amp(α) the ample locus of α, i.e.
the set of all x ∈ X for which there exists a Kähler current in α with analytic
singularities which is smooth in a neighborhood of x.
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By definition the ample locus is a Zariski open subset and it is non-empty by
Demailly’s regularization result [Dem92]. It follows from [Bou04] that there exists
a strictly positive current T = θ + ddcψ ∈ α with analytic singularities such that
Amp(α) = X \ Sing T, and T ≥ Cω,
for some C > 0.
Lemma 1.5. [Bou04] There exists a θ-psh function ρ with such that
(1) θ + ddcρ ≥ ǫωX, for some ǫ > 0,
(2) ρ is smooth in Amp(α) and Amp(α) = {ρ = −∞},
(3) ρ ≤ Vθ,
(4) ρ(z)− Vθ(z)→ −∞ as z → ∂Amp(α).
1.1.2. Non-pluripolar product. Let X be an n-dimensional complex manifold. Let
u1, . . . , up be psh functions on X. Denote
Ok := ∩
p
j=1{uj > −k},
Definition 1.6. If u1, . . . , up are psh functions on X, we say that the non-
pluripolar product 〈
∧p
j=1 dd
cuj〉 is well-defined on X if for each compact subset K
of X we have
sup
k
∫
K∩Ok
ωn−p ∩
∧
ddcmax{uj,−k} <∞. (1.1)
Now let (X,ω) be a compact Kähler manifold and α be a big cohomology class
on X. Given a θ-psh function ϕ, we can define its non-pluripolar Monge-Ampère
by MA(ϕ) := 〈(θ + ddcϕ)n〉. Then we have
∫
X
〈(θ + ddcϕ)n〉 ≤ vol(α).
We say that the function ϕ such that the equality holds has full Monge-Ampère
mass. In particular, all θ-psh function with minimal singularities has full Monge-
Ampère mass.
Notation. From now we denote the non-pluripolar Monge-Ampère product (θ+
ddcϕ)n instead of 〈(θ + ddcϕ)n〉.
1.2. Monge-Ampère equation in big cohomology classes.
1.2.1. Pluripotential approach. Fix α a big class on X and θ a smooth (1, 1) form
representing α. We consider the following Monge-Ampère equation
(θ + ddcϕ)n = fdV (1.2)
where f ∈ Lp(X) for some p > 1. Then we have the following theorem of existence
of solution due to [BEGZ10, Theorem 4.1]
Theorem 1.7. There exists a unique solution ϕ ∈ PSH(X, θ) to the equation
(1.2) satisfying supX ϕ = 0. Moreover, there exists a constant M only depending
on θ, dV, p such that
ϕ ≥ Vθ −M‖f‖
1/n
Lp .
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In that same paper [BEGZ10], the authors also established the existence of
solutions to the equation
(θ + ddcϕ)n = eϕµ (1.3)
with µ is a smooth volume form. This implied the existence of a unique singular
Kähler-Einstein metric on KX . More precisely, we have
Theorem 1.8. [BEGZ10] Let µ = fdV be a volume form with f ∈ Lp(X) for
some p > 1. Then there exists a unique θ-psh function ϕ such that
(θ + ddcϕ)n = eϕµ. (1.4)
Furthermore, ϕ has minimal singularities.
1.2.2. Viscosity approach. The pluripotential theory gives us the existence of θ-
psh solution with minimal singularities to the equation (1.4). In [EGZ15a], the
authors developed a viscosity theory for the complex Monge-Ampère equation
(1.4) in which µ is continuous. They proved the existence of a unique viscosity
solution to (1.4) which is continuous in Amp(α). Furthermore, this is exactly the
pluripotential solution.
We recall here the basic results in [EGZ15a] on the viscosity approach to the
equation:
(MAµ) (θ + dd
cϕ)n = eϕµ,
where θ is a smooth (1, 1) form representing α. Denote Ω = Amp(α).
Definition 1.9. (Test functions) Let ϕ : X → R be any function and x0 a given
point such that ϕ(x0) is finite. An upper test function (resp. a lower test function)
for ϕ at x0 is a C
2- function q in a neighborhood of x0 such that ϕ(x0) = q(t0, x0)
and ϕ ≤ q (resp. ϕ ≥ q) in a neighborhood of x0.
Definition 1.10. A function ϕ : X → R ∪ {−∞} is a viscosity subsolution of
(MAµ) on X if
• ϕ : Ω→ R is upper semi-continuous,
• ϕt ≤ Vθ + C for some constant C and ϕ 6≡ −∞,
• for any point x0 ∈ Ω and any upper test function q for ϕ at x0, we have
(θ(x0) + dd
cq(x0))
n ≥ eq(x0)µ(x0).
Definition 1.11. A function ψ : X → R∪{−∞,+∞} is a viscosity supersolution
of (MAµ) on X if
• ψ : Ω→ R is lower semi-continuous,
• ψ ≥ Vθ − C on X, for some C > 0 and ϕ 6≡ +∞,
• for any point x0 ∈ Ω and any lower test function q for ψ at x0, we have
(θ(x0) + dd
cq(x0))
n
+ ≤ e
q(x0)µ(x0).
Here ω+ = ω if (1, 1)-form ω is semipositive and ω+ = 0 otherwise.
Definition 1.12. A viscosity solution of (MAµ) is a function that is both a vis-
cosity subsolution and viscosity supersolution. In particular, a viscosity solution
has the same singularities as Vθ.
CONVERGENCE OF THE WEAK KÄHLER-RICCI FLOW 7
Theorem 1.13. Let α be a big cohomology class. Let ϕ (resp. ψ) be a viscosity
subsolution (resp. supersolution) of (MAµ), then
ϕ ≤ ψ in Amp(α).
We sketch a proof following [GZ17, Theorem 13.11] in which the cohomol-
ogy class α is semipositive and big. This is slightly different from the proof in
[EGZ15a].
Proof. Since α = {θ} is big, there exists a θ-psh function ρ ≤ ϕ satisfying
θ + ddcρ ≥ Cω.
Moreover, it follows from Lemma 1.5 that one can find ρ to be smooth in the
ample locus Ω = Amp(α) such that (ρ(x)− Vθ)→ −∞ as x→ ∂Ω.
Now, fix λ ∈ (0, 1) and set ϕ˜ = (1− λ)ϕ+ λρ. By the definitions of sub/super-
viscosity solutions ϕ−ψ is bounded from above on X, hence ϕ˜−ψ is also bounded
from above on X, so we can extend it as an usc function (ϕ˜ − ψ)∗ on X. Since
(ϕ˜−ψ) = (1− λ)(ϕ− Vθ)− (ψ− Vθ) + λ(ρ− Vθ) is usc in Ω and tends to −∞ as
x→ ∂Ω, the maximum of (ϕ˜− ψ)∗ is achieved at some point x0 in Ω,
sup
x∈X
(ϕ˜− ψ)∗ = ϕ˜(x0)− ψ(x0).
We now need prove that ϕ˜(x0) ≤ ψ(x0). The proof of this claim is similar as in
[GZ17, Theorem 13.11]. Finally we have ψ˜ ≤ ψ, and letting λ → 0 we get the
required inequality. 
As a corollary of the comparison principle we have:
Theorem 1.14. [EGZ15a] Let α be a a big cohomology class and µ > 0 is a
continuous density. Then there exists a unique pluripotential solution ϕ of (MAµ)
on X, such that
(1) ϕ is a θ-psh function with minimal singularities,
(2) ϕ is a viscosity solution in Amp(α) hence continuous here,
(3) Its lower semicontinuous regularization ϕ∗ is a vicosity supersolution.
2. Degenerate complex Monge-Ampère flows in big classes
In this section we define viscosity solutions to degenerate complex Monge-
Ampère flows in big cohomology classes following [CIL92, EGZ11, EGZ15a, EGZ15b,
EGZ16, EGZ18]. Our goal is to establish a general comparison principle for viscos-
ity subsolutions and supersolution to the Monge-Ampère flows in big cohomology
classes. This extends some results in [EGZ16, EGZ18] where the authors studied
the case when the involved cohomology classes are semipositive and big. In par-
ticular, we do not assume any condition on either the derivative of subsolution or
the involved form θt.
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2.1. Viscosity subsolutions and supersolutions. Let X be a n-dimensional
compact Kähler manifold. Fix α is a big cohomology class and θ is a smooth
(1, 1)-form representing α. Denote by Ω = Amp(α) the ample locus of α. We
extend some definitions from the viscosity theory for complex Monge-Ampère
flows developed in [EGZ16, EGZ18].
We consider the following degenerate complex Monge-Ampère flow
(θt + dd
cφt)
n = eφ˙t+F (t,x,φt)µ (CMAF ),
where
• F (t, x, r) is a continuous in XT = [0, T )×X and non decreasing in r.
• µ(t, x) ≥ 0 is a family of bounded continuous volume forms on X,
• θt(x) is a family of smooth (1, 1)-forms representing big cohomology classes
αt such that Amp(αt) ⊃ Ω.
• φ : [0, T )×X → R is the unknown function with φt(·) := φ(t, ·).
Definition 2.1. (Test functions) Let ϕ : XT → R be any function and (t0, x0) a
given point such that ϕ(t0, x0) is finite. An upper test function (resp. a lower test
function) for ϕ at (t0, x0) is a C
1,2- function q in a neighborhood of (t0, x0) such
that ϕ(t0, z0) = q(t0, x0) and ϕ ≤ q (resp. ϕ ≥ q) in a neighborhood of (t0, x0).
Definition 2.2. A function ϕ : XT → R ∪ {−∞} is a viscosity subsolution of
(CMAF ) on XT if
• ϕ : ΩT → R is upper semi-continuous,
• ϕt ≤ Vθt + C for some constant C possibly depending on T .
• for any point (t0, x0) ∈ ΩT and any upper test function q for ϕ at (t0, x0),
we have
(θt0(x0) + dd
cqt0(x0))
n ≥ eq˙(t0,x0)+F (t0,x0,qt0(x0))µ(t0, x0).
Definition 2.3. A function ψ : XT → R∪{−∞,+∞} is a viscosity supersolution
of (CMAF ) on XT if
• ψ : ΩT → R is lower semi-continuous,
• ψt ≥ Vθt − C on XT , for some C > 0 possibly depending on T .
• for any point (t0, x0) ∈ ΩT and any lower test function q for ψ at (t0, x0),
we have
(θt0(x0) + dd
cqt0(x0))
n
+ ≤ e
q˙(t0,x0)+F (t0,x0,qt0(x0))µ(x0).
Here ω+ = ω if (1, 1)-form ω is semipositive and ω+ = 0 otherwise.
Definition 2.4. A viscosity solution of (CMAF ) on XT is a function that is both
a viscosity subsolution and a viscosity supersolution. In particular, a viscosity
solution is continuous in ΩT and have the same singularities with Vθt on XT .
Lemma 2.5. Let u is a θt-psh with minimal singularities such that
• u is continuous in ΩT .
• u admits a continuous partial ∂tu with respect to t.
CONVERGENCE OF THE WEAK KÄHLER-RICCI FLOW 9
• for any t ∈ (0, T ) the restriction of ut of u to Xt = {t} ×X satisfies
(θt + dd
cut)
n ≥ eu˙t+F (t,x,ut)µ
in the pluripotential sense on Ωt.
Then u is a subsolution of (CMAF ) in ΩT .
Proof. Suppose q is a test function of u at (t0, x0) ∈ [0, T )× Amp(α). Then we
have q(t0, x) is also a test function to ut0(x) at x0. Moreover, by the hypothesis,
ut0(x) satisfies
(θt0 + dd
cut0)
n(x) ≥ ν(x)
in the pluripotential sense, where ν = e(∂tu)(t0,x)+F (t0,x,u(t0,z,x)µ(t0, x) is a volume
form with continuous density in Amp(α). Therefore, by [EGZ11, Theorem 1.9],
we get
(θ + ddcq)n(t0, x0) ≥ ν(x0) = e
∂tu(t0,x0)+u(t0,x0)+F (t0,x0,u(t0,x0))µ(t0, x0)
≥ e∂tq(t0,x0))+F (t0,x0,q(t0,x0))µ(t0, x0).
Hence u is a viscosity subsolution of (CMAF ). 
Lemma 2.6. Let v : ΩT → R ∪ {−∞,+∞} be a a lsc function satisfying
• The restriction vt of v to Ωt = {t} × Ω is θt-psh function with minimal
singularities.
• v admits a continuous partial derivative ∂tv with respect to t.
• there exists a function w on X such that w is continuous on Ω and ∂tvt+
F (t, x, v) ≥ w. Moreover, w satisfies
(θ + ddcvt) ≤ e
wµ
in the pluripotential sense on Ωt.
Then v is a viscosity supersolution of (CMAF ) in ΩT .
Proof. Fix (t0, x0) ∈ ΩT . By the hypothesis, we have
(θt0 + dd
cvt0)
n(x) ≤ ν(x),
where ν := ewµ(t0, x) is a volume form with continuous density in Ω. It follows
from [EGZ11, Lemma 4.7] that vt0 is a viscosity supersolution of the equation
(θ + ddcu)n(x) = ν(x) in Ω.
Now suppose q is a lower test function of v at (t0, z0) ∈ ΩT . Then q(t0, x0) is
also a lower test function for vt0(x) at x0. Therefore
(θt0 + dd
cq)n(t0, x0) ≤ e
w(x0)ν(x0)
≤ e(∂tvt)(t0,x0)+F (t0,x0,vt0)µ(t0, x0).
Hence v is a viscosity supersolution of (CMAF ) in ΩT . 
We show that subsolutions to parabolic Monge-Ampère flows are plurisubhar-
monic in space variable.
Proposition 2.7. Let ϕ is a viscosity subsolution of (CMAF ). For each t ∈
(0, T ) we have ϕt ∈ PSH(Ω, θt).
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Proof. Observe first that the problem is local. For any x0 ∈ Ω, we can choose a
small neighborhood U of x0 such that θt = dd
cht for all (t, x) ∈ (t− ε, t+ ε)× U
for some ε > 0 sufficiently small. We then infers that u = h + ϕ is a viscosity
subsolution of the local equation
(ddcut)
n = eu˙+F˜ (t,z,ut)µ (2.1)
on (t−ε, t+ε)×U , where F˜ (t, z, ut) = F (t, z, ut−ht)−h˙t. It follows from [EGZ15a,
Corollary 3.7] that ut0 is plurisubharmonic on U for any t0 ∈ (t−ε, t+ε). Therefore
we have ϕt ∈ PSH(Ω, θt) as required. 
2.2. A useful local comparison principle. We recall here a useful lemma due
to [EGZ18, Corollary 3.9] for the local equation
(ddcut)
n = eu˙t+F (t,z,ut)µ(t, z), (MAF )F,µ
with the initial condition u(0, z) = u0 a continuous psh function in D ⋐ C
n.
Lemma 2.8. Assume that µ(t, z) ≥ 0 be a continuous family of volume forms on
some domain D ⋐ Cn. Let u : [0, T ) × D → R be a viscosity subsolution to the
local equation (MAF )F,µ and let v : [0, T )×D → R be a supersolution to the local
equation (MAF )G,µ. Assume that
• the function ut−vt achieves a local maximum at some (t0, z0) ∈ (0, T )×D.
• there exits a constant c1 > 0 such that z 7→ u(t, z)− 2c1|z
2| is a plurisub-
hamonic near z0 and t near t0.
If either µ(t0, z0) > 0 or µ = µ(z), then
F (t0, z0, u(t0, z0)) ≤ G(t0, z0, v(t0, z0)). (2.2)
2.3. Comparison principle for complex Monge-Ampère flows. Let (X,ω)
be a compact Kähler manifold. Fix α is a big cohomology class and θ is a smooth
(1, 1)-form representing α. We consider the following degenerate complex Monge-
Ampère flow
(θt + dd
cφt)
n = eφ˙t+F (t,x,φt)µ (CMAF ),
where
• F (t, x, r) is a continuous in XT = [0, T )×X and non decreasing in r.
• µ = fdV ≥ 0 is a continuous volume form on X,
• θt(x) is a family of smooth (1, 1)-forms representing big cohomology classes
αt such that Amp(αt) ⊃ Ω := Amp(α),
• φ : [0, T )×X → R is the unknown function with φt(·) := φ(t, ·).
We now prove the following comparison principle extending the one in [EGZ16,
EGZ18] where the class {θt} is semipositive and big. In particular, we exploit
the concavity of log det avoiding the difficulties from the time derivative of the
subsolution.
Theorem 2.9. Assume that θt ≥ θ for a smooth (1, 1)-form θ in some fixed big
class α. Let ϕ (resp. ψ) be a viscosity subsolution (resp. a supersolution) to
(CMAF ). Then for any (t, x) ∈ [0, T )× Amp(α)
(ϕ− ψ)(t, z) ≤ max{ sup
{0}×X
(ϕ− ψ)∗, 0}
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Proof. Since α = {θ} is big, by Lemma 1.5, there exists a θ-psh function ρ ≤ ϕ
satisfying
θ + ddcρ ≥ Cω,
ρ is smooth in the ample locus Amp(α) and (ρ(x)−Vθ)→ −∞ as x→ ∂Ω. Since
θt ≥ θ, we have Vθ ≤ Vθt , so (ρ(x)− Vθt)→ −∞ as x→ ∂Ω.
Now fix δ > 0, λ ∈ (0, 1) and set
ϕλ(t, x) := (1− λ)ϕ(t, x) + λρ(x)−
δ
T − t
− Aλt ≤ ϕ,
where A will be chosen hereafter. Then ϕλ is a strictly θt−psh function since
θ + ddcϕt ≥ λ(θ + dd
cρ) ≥ Cω. We now prove that ϕλ satisfies
(θt + dd
cϕλ)
n ≥ e
∂tϕλ+(1−λ)F (t,x,ϕλ)+nλ logC+A+
δ
(T−t)2 µ (2.3)
in the viscosity sense. Indeed, let q be an upper test for ϕλ at (t0, z0) then
q˜ = (1− λ)−1
(
q − λρ(x) +
δ
T − t
+ Aλt
)
is an upper test for ϕ at (t0, z0). If µ(z0) = 0 then we have already (θt+dd
cq˜)n ≥ 0
at (t0, z0) hence (θt + dd
cq)n ≥ 0 = µ(z0). Now assume that µ(z0) 6= 0. Using the
concavity of log det and θt + dd
cρ ≥ θ + ddcρ ≥ CωX , we have at (t0, z0)
log
(θt + dd
cq)n
µ
= log
((1− λ)(θt + dd
cq˜) + λ(θ + ddcρ))n
µ
≥ (1− λ) log
(θt + dd
cq˜)n
µ
+ λ log
(θt + dd
cρ)n
µ
≥ (1− λ) log
(θt + dd
cq˜)n
µ
+ nλ logC.
It follows from the definition of viscosity subsolution and the inequality above
that at (t0, z0)
∂tq = (1− λ)∂tq˜ + Aλ+
δ
(T − t)2
≤ (1− λ)
(
log
(θt + dd
cq˜)n
µ
− F (t0, z0, q˜(t0, z0))
)
−Aλ−
δ
(T − t)2
≤ log
(θt + dd
cq)n
µ
− (1− λ)F (t0, z0, q˜(t0, z0))− nλ logC − Aλ−
δ
(T − t)2
≤ log
(θt + dd
cq)n
µ
− (1− λ)F (t0, z0, q(t0, z0))− nλ logC − Aλ−
δ
(T − t)2
,
where the last inequality comes from the fact that F is non-decreasing in the third
variable and ϕλ ≤ ϕ. This implies (2.3) as required.
By the definition of viscosity sub/super solutions, ϕλ − ψ ≤ ϕ− ψ is bounded
from above, we can extend it as an usc function (ϕλ − ψ)
∗ on X. Moreover
ϕλ − ψ = (1− λ)(ϕ− Vθt)− (ψ − Vθt) + λ(ρ− Vθt)−
δ
T − t
− Aλt, (2.4)
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hence ϕλ − ψ → −∞ as either x → ∂Ω or t → T . It follows that there exists
(t0, x0) ∈ [0, T )× Ω such that
sup
XT
(ϕλ − ψ)
∗ = ϕλ(t0, x0)− ψ(t0, x0).
The idea is to localize near x0 and use Lemma 2.8. We choose the complex
coordinates z = (z1, . . . , zn) near x0 defining a biholomorphism identifying a closed
neighborhood B¯ of x0 to the closed complex ball B¯3 := B(0, 3) ⊂ C
n of radius 3,
sending x0 to the origin in C
n. Let ht be a smooth local potential for θt in B2,
i.e. ddcht = θt in B3.
We have
max
[0,T )×z−1(B¯2)
(ϕλ − ψ) = ϕλ(t0, x0)− ψ(t0, x0).
If t0 = 0, we are done. Otherwise, assume t0 ∈ (0, T ), we now prove that ϕλ ≤ ψ
in [0, T ]× Ω.
Now u(t, z) = ϕλ ◦ z
−1 + ht ◦ z
−1 is upper semi-continuous in [0, T ) × B2 and
strictly psh in B2 since dd
cut ≥ λCωX . It follows from (2.3) that
(θt + dd
cϕλ)
n ≥ e
∂tϕλ+(1−λ)F (t,x,ϕλ)+nλ logC+A+
δ
(T−t)2 µ
in (t0 − r, t0 + r)× B2. Therefore
(ddcut)
n ≥ e∂tu+F˜ (t,z,ut)µ˜, in B2,
where µ˜ = z∗µ ≥ 0 is a continuous volume form and
F˜ (t, z, s) = (1− λ)F (t, z, s− h(t, z)) + nλ logC +
δ
(T − t)2
+ Aλ− ∂tht(z).
Similarly, we have v = ψ ◦ z−1+ ht ◦ z
−1 is lower semi-continuous in [0, T )×B2
and satisfies
(ddcv)n+ ≤ e
∂t v¯+G˜(t,z,v(t,z))µ˜, in B2,
where
G˜(t, z, s) := F (t, z, s− ht(z))− ∂tht(z).
By our assumption we have
max
[0,T )×B¯2
u− v = u(t0, 0)− v(t0, 0).
It follows from Lemma 2.8 that
F˜ (t0, 0, u(t0, 0)) ≤ G˜(t0, 0, v(t0, 0)),
hence
F (t0, x0, ϕλ) + λ(A− F (t0, x0, ϕλ) + n logC) +
δ
(T − t)2
≤ F (t0, x0, ψ(t0, x0)).
Choosing A = −n logC + supXT F (t, x, ϕ), we have
F (t0, ϕλ(t0, x0)) +
δ
(T − t)2
≤ F (t0, x0, ψ(t0, x0)).
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This implies that ϕλ(t0, x0) ≤ ψ(t0, x0), hence ϕλ ≤ ψ in [0, T ) × X. Letting
λ → 0 and δ → 0 we get ϕ ≤ ψ in [0, T ) × Ω, we thus conclude that ϕ ≤ ψ in
[0, T )× Ω as required. 
Corollary 2.10. With the same assumption above, but replacing the condition
θt ≥ θ by θt ≥ g(t)θ for some smooth positive function g : [0, T ]→ R with g
′ > 0.
Then we have
ϕ(t, x) ≤ ψ(t, x), ∀(t, x) ∈ ΩT .
Proof. Denote ωt(z) = g(t)
−1θt. Since ϕ is a subsolution to (CP ), we have
(ωt + dd
cϕ˜t)
n ≥ eg(t)∂tϕ˜+F˜ (t,z,ϕ˜)µ,
in the sense of viscosity, where ϕ˜(t, x) := g(t)−1ϕ(t, x) and F˜ (t, z, s) = F (t, z, s)+
g′(t)s.
We change the time variable:
χ(t, x) = ω(h(t), x) and φ(t, x) := ϕ˜(h(t), x) =
1
g(h(t))
ϕ(h(t), x),
where h will be chosen hereafter. Then
∂tφ(t, x) = (∂tϕ˜)(h(t), x)h
′(t),
hence
(χ(t, x) + ddcφ(t, x))n ≥ e
g(h(t))
h′(t)
∂tφ+F˜ (t,z,φ)µ. (2.5)
We choose h such that h′(t) = g(h(t)) and h(0) = 0, hence φ(t, x) is a subsolution
of
(χt + dd
cφ)n = e∂tφ+F˜ (t,x,φ)µ. (2.6)
Similarly, we have ψˆ(t, x) = 1
g(h(t))
ψ(h(t), x) is a supersolution of (2.6). Since
χ ≥ θ, Theorem 2.9 thus implies the desired inequality. 
2.4. Viscosity solutions to Cauchy problem for complex Monge-Ampère
flows. Let X be a n-dimensional compact Kähler manifold and α be a fixed big
class on X. We have a general Cauchy problem on XT = [0, T )×X
(CP )

(θt + dd
cϕt)
n = eϕ˙t+F (t,x,ϕt)µ(t, z),
ϕ(0, x) = ϕ0(x) x ∈ X
,
where
• F (t, x, r) is a continuous in [0, T )×X and non decreasing in r.
• µ(t, x) ≥ 0 is a family of bounded continuous volume forms on X,
• θt(x) is a family of smooth (1, 1)-forms representing big cohomology classes
αt such that Amp(αt) ⊃ Ω := Amp(α).
• ϕ0 is a given θ0-psh function.
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Definition 2.11. A subsolution to (CP ) is a vicosity subsolution u to the flow
(θt + dd
cϕt)
n = eϕ˙t+F (t,x,ϕt)µ,
on XT , satisfying that u(0, x) ≤ ϕ0(x) for all x ∈ X.
A supersolution to (CP ) is a vicosity supersolution v to the flow
(θt + dd
cϕt)
n = eϕ˙t+F (t,x,ϕt)µ,
on XT , satisfying v(0, x) ≥ ϕ0(x) for all x ∈ X.
Definition 2.12. A function u on X is a vicosity solution to the Cauchy problem
(CP ) if it is both a subsolution and a supersolution for (CP ).
3. Cauchy problem in a big cohomology class
Let (X,ω) be a Kähler manifold. Fix α is a big cohomology class on X and θ
is a smooth (1, 1)-form representing α. In this section we consider the following
Cauchy problem
(CP1)

(θ + dd
cϕt)
n = eϕ˙t+ϕtµ in [0, T )×X,
ϕ(0, x) = ϕ0(x), (0, x) ∈ {0} ×X,
where µ = µ(x) > 0 is a positive continuous volume form and ϕ0 is a given θ-psh
function on X with minimal singularities which is continuous in Ω := Amp(α).
We first have the following lemma which is useful to construct subsolutions.
Lemma 3.1. Let f : R+ → R be the smooth solution of the ODE
f ′(t) + f(t) = C log(1−Be−t) with f(0) = 0, (3.1)
for some B,C > 0. There exists A > 0 such that for all t ≥ 0, −A(t + 1)e−t ≤
f(t) ≤ 0.
3.1. Existence of viscosity sub/super-solutions.
Lemma 3.2. (CP1) admits a viscosity subsolution.
Proof. It flows from [Bou04] that there exists a θ-psh function ρ with analytic
singularities satisfying
θ + ddcρ ≥ ǫω and sup
X
ρ = 0.
Set
u(t, x) := e−tϕ0 + (1− e
−t)ρ− At+ f(t)
such that the function f satisfies the ODE: f ′(t) + f(t) = n log(1 − e−t) and
f(0) = 0. Then u is continuous on [0, T ]× Ω and u(0, x) = ϕ0(x) and
(θ + ddcu)n =
(
e−t(θ + ddcϕ0) + (1− e
−t)(θ + ddcρ)
)n
≥ (1− e−t)n(θ + ddcρ)n
≥ en log(1−e
−t)ǫnωn
= e∂tu+ut−ρ+A+log(ǫC)µ,
≥ e∂tu+ut+A+log(ǫC)µ,
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where Cnµ ≤ ωn. By choosing A = − log(ǫC), we infer that (θ+ddcu)n ≥ eu˙t+utµ
in the pluripotential sense. Lemma 2.5 implies that u is a viscosity subsolution of
(CP1). 
Lemma 3.3. There exists a viscosity supersolution of (CP1).
Proof. We can assume that θ ≤ ω for some Kähler form ω. Let φ is the unique
continuous ω-psh function satisfying
(ω + ddcφ)n = cµ, sup
X
φ = 0.
where
c =
∫
X ω
n∫
X µ
> 0.
Set v = φ+ C with C > 0 such that ϕ0 ≤ v and log c ≤ v. Then we have
(θ + ddcv)n ≤ (ω + ddcφ)n = cµ ≤ e∂tv+vµ. (3.2)
It follows from Lemma 2.6 that v is a supersolution to (CP1). 
3.2. Barrier construction.
Definition 3.4. Fix (0, x0) ∈ {0} × Ω and ε > 0.
• An upper semi-continuous function u : ΩT → R is an ε-subbarrier to
the (CP1) at the boundary point (0, x0), if u is subsolution to (CP1) in
[0, T )×X, and u∗(0, x0) ≥ ϕ0(x0)− ε.
When ε = 0, u is called a subbarrier.
• A lower semi-continuous v : ΩT → R is an ε-supperbarrier to the (CP1) at
the boundary point (0, x0), if v is a supersolution to the (CP1) in [0, T )×X,
and v∗(0, x0) ≤ ϕ0(x0) + ε.
When ε = 0, v is called a superbarrier.
Proposition 3.5. Fix ε > 0, there exist an ε-subbarrier and an ε-superbarrier to
the Cauchy problem (CP1) in [0, T )×Amp(α).
Proof. It is straightforward that the subsolution u constructed in Lemma 3.2 is a
subbarrier, so ε-subbarrier for all ε > 0.
We now find an ε-supperbarrier. Assume that θ ≤ ω for some Kähler form
ω on X, then ϕ0 is also a ω-psh function. Suppose hj be a sequence of smooth
function decrease to ϕ0. Denote ϕj = P (hj) := supX{φ ∈ PSH(X,ω)|φ ≤ hj}
the envelope of hj then ϕj ց ϕ and
(ω + ddcϕj)
n = 1{ϕj=hj}(ω + dd
chj)
n = 1{ϕj=hj}fjµ,
where fj ≥ 0 is bounded. Thus for any ε sufficiently small and any x0 ∈ Amp(α),
there exists a function ϕj such that
ϕ0(x0) ≤ ϕj(x0) ≤ ϕ0(x0) + ε.
Define
vj(t, x) := ϕj +Bt,
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for a positive constant B will be chosen hereafter, then
(θ + ddcvj)
n = (θ + ddcϕj)
n
= 1{ϕj=hj}(θ + dd
chj)
n
= 1{ϕj=hj}fjµ
where fj ≥ 0 is bounded.
Since hj is smooth on X, there exists a constant Cj > 0 such that
1{ϕj=hj}fje
−ϕj = 1{ϕj=hj}fje
−hj ≤ Cj.
We now choose B > 0 such that eB ≥ Cj, hence
(θ + ddcvj)
n = 1{ϕj=hj}fjµ
= 1{ϕj=hj}fje
−ϕjeϕjµ
≤ Cje
−Bev˙j+vjµ
≤ ev˙j+vjµ.
It follows from Lemma 2.6 that vj(t, x) is an ε-supperbarrier to (CP1) at (0, x0) ∈
{0} × Amp(α), so is
vε := inf{vj(t, x), v + A2t},
where v is the supersolution to (CP1) in Lemma 3.3. 
3.3. The Perron envelope. Consider the upper envelope
ϕ := sup{w,w is a subsolution of (CP1), u ≤ w ≤ v},
where u and v are the viscosity sub/super-solution from Lemma 3.2 and 3.3.
Theorem 3.6. The upper envelope ϕ is the unique viscosity solution to (CP1) in
[0, T )× Ω.
Proof. Obeserve that ϕ∗ (resp. ϕ∗) is a subsolution (resp. supersolution) to the
complex Monge -Ampère flow
(θ + ddcφ)n = e∂tφ+φµ
on (0, T ) × Ω. We now show that they are also subsolution and supersolution
respectively to the Cauchy problem (CP1).
We first have ϕ ≥ u on ΩT . Since u is continuous in [0, T )×Ω, ϕ∗(0, x0) ≥ ϕ0(x0)
for any x0 ∈ Amp(α). This shows that ϕ∗ is a supersolution to the Cauchy
problem (CP1).
We prove now that ϕ∗(0, .) ≤ ϕ0 in Ω. Fix ε > 0, by Proposition 3.5 there
exists an ε-supperbarrier vε to (CP1) at any point (0, x0) with x0 ∈ Ω. It follows
from the comparison principle 1.13 that
ϕ(t, x) ≤ vε(t, x) in [0, T )× Ω,
hence
ϕ∗(0, x0) ≤ v
∗
ε(0, x0) ≤ ϕ0(x0) + ε
for all x0 ∈ Ω, hence ϕ
∗ is a viscosity subsolution to the Cauchy problem (CP1).
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The comparison principle (Theorem 1.13) therefore implies that ϕ∗ = ϕ∗ = ϕ
in [0, T )× Ω.
Finally, the uniqueness of viscosity solution in [0, T ) × Ω is deduced by the
comparison principle (Theorem 1.13). 
3.4. Long term behavior of the flow. It follows from [BEGZ10] and [EGZ15a]
that the Monge-Ampère equation
(θ + ddcφ)n = eφµ (3.3)
have a unique pluripotential solution which is a viscosity solution in Amp(α). In
this section, we will prove that the solution of the Monge-Ampère flow
(θ + ddcϕt)
n = eϕ˙t+ϕtµ (3.4)
converges to the solution of (3.3) as t→ +∞.
Theorem 3.7. The solution ϕt of the complex Monge-Ampère flow 3.4 starting
at ϕ0 converges, exponentially fast in Amp(α), as t→ +∞, to the solution of the
degenerate elliptic Monge-Ampère equation (3.3).
Proof. Let φ be the unique pluripotential solution to the equation (3.3). Set
u(t, x) := e−tϕ0 + (1− e
−t)φ+ f(t),
where f(t) = O(te−t) is the unique solution of the ODE f ′(t)+f(t) = n log(1−e−t)
and f(0) = 0. We now have u(0, x) = ϕ0(x) and
(θ + ddcu)n =
(
e−t(θ + ddcϕ0) + (1− e
−t)(θ + ddcφ)
)n
≥ (1− e−t)(θ + ddcφ)n
= e∂tu+utµ.
Lemma 2.5 implies that u is a subsolution of (CP1) in [0, T )×Amp(α). It follows
from the comparison principle (Theorem 2.9) we get u ≤ ϕ in [0, T ) × Amp(α).
Therefore
ϕt − φ ≥ e
−t(ϕ0 − φ) + f(t) in [0, T ]× Amp(α).
In addition, we also have
v(t, x) = Ae−t + φ,
where A > 0 satisfies |ϕ0 − φ| ≤ A, is a supersolution of (CP1) in [0, T ) ×
Amp(α). By the comparison principle (Theorem 2.9), we obtain v(t, x) ≥ ϕt in
[0, T )×Amp(α), hence
ϕt − φ ≤ Ae
−t
in [0, T )×Amp(α).
All together yields |ϕt − φ| = O(te
−t) in [0, T ]×Amp(α). Letting t→ +∞ we
obtain ϕt → φ in Ω. 
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4. The Kähler-Ricci flow on manifolds of general tpye
Let X be a Kähler manifold with the canonical bundle KX is big but not nef.
Fix α0 a Kähler class on X and ω0 is a Kähler form representing α0. A (classical)
solution of the normalized Kähler-Ricci flow on X starting at ωˆ ∈ α0 is a family
of Kähler forms (ωt) solving
∂ωt
∂t
= −Ric(ωt)− ωt, ωt|t=0 = ωˆ. (4.1)
Note that ωt ∈ αt := e
−tα0 + (1− e
−t)c1(KX). Moreover it follow from [TZ06]
(see also [Cao85, Tsu88] for special cases) that the normalized Kähler-Ricci flow
with initial metric ω0 has a unique smooth solution on on [0, T ) with
T := sup{t > 0| e−tα0 + (1− e
−t)c1(KX) > 0}.
Assuming that α0 is big, Tosatti and Collins [CT15] proved that as t → T
− the
metric ω(t) develop singularities precisely on the Zariski closed set X \Amp(KX).
Now at T , αT is big and nef. However, for t > T , αt is still big but no longer nef,
thus we can not continue the flow in the classical sense. In [FIK03] the authors
asked whether one can define and construct weak solutions of Kähler-Ricci flow
after the maximal existence time for smooth solutions. In [BT12], Boucksom
and Tsuji have tried to run the normalized Kähler-Ricci on projective varieties
in a weak sense beyond the maximal time using the discretization of the Kähler-
Ricci flow and algebraic geometry tools. The same result for the case of Kähler
manifolds is still open (cf. [BT12, Conjecture 1, page 208]). It requires a different
approach.
In this section we answer the question of a Feldman-Ilmanen-Knopf and con-
firm partially the conjecture of Boucksom and Tsuji using the viscosity theory
established in Section 2. Moreover we show that the weak flow exists for all time
and converges to the singular Kähler-Einstein metric contructed in [BEGZ10].
4.1. Existence and uniqueness of extended flow. Now let θ be a smooth
closed (1, 1)-form representing c1(KX) and set
θt := e
−tω0 + (1− e
−t)θ.
Let dV be a smooth volume form onX, then −Ric(dV ) ∈ c1(KX). Therefore there
exists f ∈ C∞(X) such that θ = Ric(µ) with µ = efdV . Then the normalized
Kähler-Ricci flow (4.1) can be written as the complex Monge-Ampère flow
(CP2)

(θt + dd
cϕt)
n = eϕ˙t+ϕtµ
ϕ(0, x) = ϕ0
,
where ωˆ = ω0 + dd
cϕ0.
Lemma 4.1. For any T > 0, there exists a subsolution and a supersolution to
the Cauchy problem (CP2) in [0, T )×Amp(KX).
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Proof. It flows from [Bou04] that there exists a θ-psh function ρ with analytic
singularities satisfying
θ + ddcρ ≥ ǫω0 and sup
X
ρ = 0.
We consider
u(t, x) := e−tϕ0 + (1− e
−t)ρ+ f(t)− At,
where f(t) is the unique solution of f ′(t) + f(t) = n log(1 − e−t) and f(0) = 0.
Then u(0, x) = ϕ0(x) and u is a θt-psh function since
θt + dd
cu = e−tω0 + (1− e
−t)θ + ddcu
= e−t (ω0 + dd
cϕ0) + (1− e
−t)(θ + ddcρ) ≥ 0.
Therefore Then u is continuous on [0, T )× Ω and u(0, x) = ϕ0(x) and
(θt + dd
cu)n =
(
e−t(ω0 + dd
cϕ0) + (1− e
−t)(θ + ddcρ)
)n
≥ (1− e−t)n(θ + ddcρ)n
≥ en log(1−e
−t)ǫnωn
= e∂tu+ut−ρ+A+log(ǫC)µ,
≥ e∂tu+ut+A+log(ǫC)µ,
where Cnµ ≤ ωn. By choosing A = − log(ǫC), we infer that (θt+dd
cu)n ≥ eu˙t+utµ
in the pluripotential sense. Lemma 2.5 thus implies that u is a subsolution to
(CP2) in [0, T )× Amp(KX).
For supersolution, we suppose that θ ≤ Aω0 for some A > 0. Denote ψ is the
unique solution of the complex Monge-Ampère equation
(ω0 + dd
cψ)n = cµ, min
X
ψ = 0, with c =
∫
X ω
n
0∫
X Ω
.
Then we set v = a(t)ψ +Bt, where a(t) = e−t + A(1− e−t) and g will be chosen
hereafter. We have
(θt + dd
cv)n ≤ (a(t)ω0 + dd
cv)n
= elog c+n log a(t)Ω
By choosing
B = log c+ nmax
[0,T ]
log a(t),
we have log c+n log a(t) ≤ v˙+v, Lemma 2.6 thus implies that v is a supersolution
to (CP2). 
Lemma 4.2. Fix ε > 0. There exist an ε-subbarrier and an ε-supperbarrier to
the Cauchy problem (CP2).
Proof. Observe that for any ε > 0, the subsolution u(t, x) in Lemma 4.1 is also a
ε-subsolution since u(0, x) = ϕ0.
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For the ε-supperbarrier at (t0, x0) ∈ {t0}×Amp(KX), we use the same argument
in Proposition 3.5. Approximate ϕ0 by a decreasing sequence (hj) of smooth
functions. Denote ϕj = P (hj) the envelope of hj then ϕj ց ϕ0 and
(ω0 + dd
cϕj)
n = 1{ϕj=hj}(ω0 + dd
chj)
n = 1{ϕj=hj}fjµ,
where fj ≥ 0 is bounded. Thus there exists a function ϕj such that
ϕ0 ≤ ϕj ≤ ϕ0 + ε.
Define v(t, x) = a(t)ϕj +Bt with a(t) as in Lemma 4.1, then
(θt + dd
cv)n ≤ (a(t)ω0 + dd
cv)n
= 1{ϕj=hj}fje
n log a(t)µ
≤ 1{ϕj=hj}fje
(A−1)ϕj+n log a(t)−Be∂tv+vµ.
Since hj is smooth on X and fj is bounded on X, there is a constant Cj such that
1{ϕj=hj}fje
(A−1)hj ≤ eCj .
By choosing B = max[0,T ] n log a(t) + Cj , we get
(θt + dd
cv)n ≤ e∂tvt+vtµ.
Since ϕj is continuous on X, so is v˙+v, Lemma 2.6 infers that v is a ε-superbarrier
to the Cauchy problem (CP2) in [0, T )× Amp(KX). 
We now obtain the solution of (CP2) using the Perron envelope as in Theorem
3.6:
Theorem 4.3. For any T > 0, there exists a unique viscosity solution to the
Cauchy problem (CP2) on [0, T ) × X. As consequence, the normalized Kähler-
Ricci flow exists for all time in the viscosity sense.
4.2. Convergence of the weak normalized Kähler-Ricci flow. We now
study the long-time behavior of the normalized Kähler-Ricci flow on compact
Kähler manifolds of general type. Precisely we prove that the normalized Kähler-
Ricci flow continuously deforms any initial Kähler form ω0 towards the unique
singular Kähler-Einstein metric ωKE = θ + dd
cϕKE in the canonical class KX ,
with
(θ + ddcϕKE)
n = eϕKEµ (4.2)
(we refer to [EGZ09] and [BEGZ10] for the construction of ωKE).
Theorem 4.4. The viscosity solution of the the Monge-Ampère flow
(θt + dd
cϕt)
n = eϕ˙t+ϕtµ
ϕ(0, x) = ϕ0
converges, as t→ +∞, to the unique solution ϕKE of the Monge-Ampère equation
(θ + ddcϕKE)
n = eϕKEµ.
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Proof. Set
u(t, x) = e−tϕ0 + (1− e
−t)ϕKE + f(t)
where f(t) = O(te−t) is the unique solution of the ODE f ′(t)+f(t) = n log(1−e−t)
and f(0) = 0 (cf. Lemma 3.1). Then u is a θt-psh function and
(θt + dd
cu)n =
(
e−t(ω0 + dd
cϕ0) + (1− e
−t)(θ + ddcϕKE)
)n
≥ (1− e−t)n(θ + ddcϕKE)
n
≥ en log(1−e
−t)+ϕKEµ
= eu˙+uµ.
Lemma 2.5 implies that u is a viscosity subsolution. It follows from Theorem 2.9
that
ϕt ≥ u on [0,+∞)× Amp(KX), (4.3)
hence
ϕt − ϕKE ≥ e
−t(ϕ0 − ϕKE) + f(t), (4.4)
on [0,∞)× Amp(KX) with f(t) = O(te
−t).
For the upper bound of ϕt − ϕKE we need to use the following lemma
Lemma 4.5. There exists a unique viscosity solution φt for the following flow

(
a(t)θ + ddcφt
)n
= e∂tφt+φtµ
φ(0, x) = φ0
(4.5)
for any φ0 ∈ PSH(X, (1+A)θ)∩C
0(Amp(KX)) with minimal singularities, where
a(t) = 1 + Ae−t with A ≥ 0. Moreover, the flow converges to ϕKE as t→ +∞.
Proof. Observe that(
a(t)θ + ddcφt
)n
= an(t)
(
θ + ddca(t)−1φt
)n
. (4.6)
By setting φ˜t = a(t)
−1φt − b(t), with b(t) = a(t)
−1v(t) where v = O(te−t) is the
unique solution of the ODE
v′ + v = n log a(t) and v(0) = 0.
We now can rewrite (4.5) to the flow

(
θ + ddcφ˜t
)n
= ea(t)∂t φ˜t+φ˜tµ
φ˜(0, x) = φ0
. (4.7)
Finally, by changing of the time variable ψ(t, x) = φ˜(h(t), x) where h(t) is the
unique solution of the ODE
h′(t) = a(h(t)) and h(0) = 0.
Then the equation (4.5) can be rewritten as
(θ + dd
cψt)
n = e∂tψ+ψtµ
φ(0, x) = φ0,
(4.8)
which is the flow we studied in Section 3. Since b(t) → 0 and h(t) → +∞ as
t→∞ the convergence is followed from Theorem 3.7. 
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Since KX is big there exists a θ-psh function ρ with analytic singularities sat-
isfying
θ + ddcρ ≥ C−1ω0 and sup
X
ρ = 0, (4.9)
for some C > 0 (cf. [Bou04]). We can assume further that C ≥ 1.
Now set u(t, x) = ϕt − Be
−t + Ce−tρ, and a(t) = 1 + (C − 1)e−t. Using (4.9)
we have
a(t)θ + ddcu = Ce−tθ + (1− e−t)θ + ddcu
≥ e−t(ω0 − Cdd
cρ) + (1− e−t)θ + ddcu
= θt + dd
cϕt,
hence
(a(t)θ + ddcu)n ≥ e∂tu+uµ
in the viscosity sense. Fix φ0 a Cθ-psh function with minimal singularities, then
φ0 − Cρ is bounded from below. Therefore we can choose B > 0 such that
φ0 − Cρ ≥ ϕ0 − B. This implies that u is a subsolution of the Cauchy problem
(4.5). Since the flow (4.5) can be written as the flow (4.8) after changing of time
variable, the comparison principle also holds for the flow (4.5). Therefore we get
u ≤ φt
on [0,∞)× Amp(KX). Combining with (4.4) and Lemma 4.5, we imply that ϕt
converges to ϕKE on Amp(KX). 
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